In this paper, I give a new construction of a Kähler-Einstein metrics on a smooth projective variety with ample canonical bundle. This result can be generalized to the construction of a singular Kähler-Einstein metric on a smooth projective variety of general type which gives an AZD of the canonical bundle. MSC: 53C25(32G07 53C55 58E11)
Introduction
Let X be a smooth projective n-fold with ample canonical bundle defined over C. Then by the celebrated solution of Calabi's conjecture ( [A, Y1] ), there exists a unique Kähler-Einstein form ω E such that
where Ric ωE denotes the Ricci form of the Kähler manifold (X, ω E ).
On the other hand for a complex manifolds with very ample L 2 canonical forms, there exists a standard Kähler form called the Bergman Kähler form.
Let us explain more precisely. Let M be a complex manifold of dimension n such that the space of L 2 canonical forms
gives a very ample linear system. Then M admits a Bergman kernel,
where {σ i } is a complete orthonormal basis of H Both Kähler-Einstein metrics and Bergman metrics are determined uniquely by the complex structures. In this sense these metrics are canonical. Hence it is natural to study the relation of these metrics.
Recently S.K. Donaldson found a new construction of Kähler-Einstein metrics or more generally Kähler metrics with constant scalar curvature. Actually he found a strong connection between the existence of Kähler metrics with constant scalar curvature and the asymptotic stability of Hilbert points of projective embeddings ( [Do] ). In particular this implies the connection between the existence of Kähler-Einstein metrics and the asymptotic stability of Hillbert points of projective embeddings ( [Do] ).
Let us explain (a part of) his results. Let X be a smooth projective variety and let L be an ample line bundle on X. Then for every sufficiently large positive integer m, the linear system | mL | gives a projective embbedding Nm } is orthonormal with respect to the L 2 -inner product with respect to the hermitian metric (
on mL and the volume form (Φ * m ω F S ) n ), the Kähler form
is called balanced (or critical). The Hilbert point of Φ m (X) is stable, if and only if there exists a choice of the basis {σ
Nm } such that Φ m is balanced ( [Z] ). Donaldson's theorem is stated as follows.
Theorem 1.1 ( [Do, p.482, Theorem 3] In short Theorem 1.1 gives a construction of a Kähler form with constant scalar curvature as the limit of s sequence of balanced Kähler forms. And Theorem 1.1 is closely related to the asymptotic expansion of Bergman kernels ( [C, Ze] ).
In this article, we shall give a new construction of Kähler-Einstein forms with negative Ricci curvature as a limit of Bergman Kähler forms. The purpose of this article is to relate Kähler-Einstein forms and Bergman Kähler forms in the case of projective manifolds with ample canonical bundle or more generally projective manifolds of general type.
Let X be a smooth projective n-fold with ample canonical bundle. Let m 0 be a positive integer such that :
The existence of such m 0 follows from Nadel's vanishing theorem ([N, p.561] ). Let h m0 be a C ∞ hermitian metric on m 0 K X with strictly positive curvature. Suppose that we have constructed K m and the C ∞ hermitian metric h m on mK X . Then we define
and
where K(X, (m + 1)K X , h m ) denotes (the diagonal part of) the Bergman kernel of (m + 1)K X with respect to h m constructed as follows. Let {σ
Nm+1 } be the complete orthonormal basis of H 0 (X, O X ((m + 1)K X )) with respect to the inner product
Then for x ∈ X we define
where for a global section σ of (m + 1)K X , | σ | 2 denotes the global section σ ·σ of (K X ⊗ K X ) ⊗(m+1) . We note that by the choice of m 0 , | (m + 1)K X | is very ample. Hence h m+1 := 1/K m+1 is a C ∞ hermitian metric on (m + 1)K X . Inductively we construct the sequences {h m } m≧m0 and {K m } m>m0 . This is the same construction originated by the author in [T3] .
The following theorem is the main result in this article. 
is a Kähler form on X with
Remark 1.3 The existence of the limit h ∞ has already been proved in [T3] . For the case of smooth projective varieties of non-general type see [T3, T5] .
The construction of Kähler-Einstein form in Theorem 1.2 is more straightforward than the one in Theorem 1.1. And Theorem 1.2 seems to imply that the sequence of Kähler forms
induced by the projective morphisms
is asymptotically nearly balanced. One of the advantage of Theorem 1.2 is that we can generalize Theorem 1.2 to the case of the maximal Kähler-Einstein current (cf. Definition 3.7) on a smooth projective variety of general type whose canonical bundle is not necessarily ample (Theorem 3.11) without any essential change. And this immediately implies the uniqueness of the maximal Kähler-Einstein currents on smooth projective varieties of general type (Theorem 3.6) .
This enables us to deduce the logarithmic plurisubharmonicity of Kähler-Einstein volume forms on a projective family (cf. Theorem 1.4) by using the recent result on variation of Bergman kernels ([B1, B2, B3, T5] 
where n denotes the relative dimension of f : X −→ S. Then we have the followings :
Theorem 1.4 implies the following refinement of Kawamata's positivity theorem ( [Ka, p.57, Theorem 1] ) for the direct image of the relative pluricanonical bundle in the case that a general fiber is a variety of general type. Theorem 1.5 Let f : X −→ S be a proper projective morphism with connected fibers betweem smooth varieties. Let S
• denote the maximal Zariski dense subset of S such that f is smooth over
Suppose that a general fiber of f is a smooth projective variety of general type. Let h E be the singular hermitian metric on K X/S as in Theorem 1.4.
where n denotes the relative dimension of f : X −→ S. Then we have the followings.
1. The curvature Θ hE,m of h E,m is semipositive in the sense of Nakano.
Let x ∈ S −S
• be a point and let σ be a local holomorphic section of
Theorem 1.4 immediately gives canonical positive line bundles on the moduli space of canonically polarized varieties with only canonical singularities. We should note that the convergence in Theorem 1.2 is much weaker than in Theorem 1.1 and Theorem 1.2 does not say anything about Kähler forms with constant scalar curvature at the moment.
It is worthwhile to note the similar construction works for smooth projective varieties with pseudoeffective canonical bundles ([T5] ). In this case, what we construct are volume forms on the varieties. Let X be a smooth projective n-fold with pseudoeffective canonical bundle and let dV be the (possibly degenerate) volume form such that dV −1 is an AZD (cf. Section 3.2) of K X constructed as in [T5] . Let ω be a Kähler form on X such that
By the solution of Calabi's conjecture ( [Y1] ) and its generalization, we may solve the equation
Here the solution u is a function on X with bounded C 2 -norm. The resulting C 0 Kähler formω := ω + √ −1∂∂u is a canonical Kähler form in the class. I hope thatω might be a Kähler current with constant scalar curvature under some conditions.
Proof of Theorem 1.2
Let h m0 be a C ∞ hermitian metric on m 0 K X with strictly positive curvature. Let {h m } m≧m0 and {K m } m>m0 be the sequences of hermitian metrics and Bergman kernels constructed as in Section 1, i.e., {h m } m≧m0 and {K m } m>m0 are defined inductively by
Let ω E be the Kähler-Einstein form on X such that
Let dV E = (n!) −1 ω n E be the volume form associated with (X, ω E ).
Proof. Let us consider the hermitian line bundle (K X , dV E ) on X. Let p ∈ X be a point. Then by the Kähler-Einstein condition, there exists a holomorphic normal coordinate (U, z 1 , · · · , z n ) such that
holds. Suppose that
holds on X for some positive constant C m−1 . We note that
(2) holds for every x ∈ X, by the extremal property of the Bergman kernel. We note that for the open unit disk ∆ = {t ∈ C | | t |< 1},
holds. Then by Hörmander's L 2 -estimates of∂-operator, we see that there exists a positive constant λ m such that
where C is a positive constant independent of m.
In fact this can be verified as follows. Let x ∈ X be a point on X and let (U, z 1 , · · · , z n ) be the normal coordinate as above. We may assume that U is biholomorphic to the polydisk ∆ n (r) of radius r with center O in C n for some r via (z 1 , · · · , z n ).
Taking r sufficiently small we may assume that there exists a C ∞ function ρ on X such that 1. ρ is identically 1 on ∆ n (r/3).
4. | dρ |< 3/r, where | | denotes the pointwise norm with respect to ω E .
We note that by the equation (1), the mass of ρ·(dz 1 ∧· · ·∧dz n ) ⊗m concentrates around the origin as m tends to infinity. Hence by (3) we see that the L 2 -norm
as m tends to infinity , where ∼ means that the ratio of the both sides converges to 1. We set
We may and do assume that m is sufficiently large so that
⊗m ) with respect to e −φ · (dV E ) −⊗m and ω E satisfies the inequality
for every m, where C 0 is a positive constant independent of m. 
hold, where φ 's denote the L 2 norms with respect to e −φ · dV
Hence by induction on m, using (2) and (4), we see that there exist positive constants C and C ′ such that for every m > m 0
holds, where
Proof. By Hölder's ineqality we have
Then continuing this process by using
we have that
holds. Continueing this process we obtain the lemma.
Using Lemma 2.2, we obtain the following lemma.
Proof. By the Kodaira vanishing theorem,
holds for every m ≧ 2 and q ≧ 1. Then by the Hirzebruch Riemann-Roch theorem, we have that
holds. Then by Lemma 2.2, we see that
Combining Lemmas 2.1 and 2.2, we have the equality,
hold by the Kähler-Einstein condition. This completes the proof of Theorem 1.2.
Dynamical construction of Kähler-Einstein currents
In this section we shall generalize Theorem 1.2 to the case of general smooth projective varieties of general type.
Singular hermitian metrics
In this subsection L will denote a holomorphic line bundle on a complex manifold M .
Definition 3.1 A singular hermitian metric h on L is given by
is an arbitrary function on M . We call ϕ a weight function of h.
The curvature current Θ h of the singular hermitian line bundle (L, h) is defined by
where ∂∂ is taken in the sense of a current. The
where U runs over the open subsets of M . In this case there exists an ideal sheaf
holds. We call I(h) the multiplier ideal sheaf of (L, h). If we write h as
is the weight function, we see that
holds. For ϕ ∈ L 1 loc (M ) we define the multiplier ideal sheaf of ϕ by
is a singular hemitian metric on L, where h 0 is an arbitrary C ∞ -hermitian metric on L (the right hand side is obviously independent of h 0 ). The curvature Θ h is given by
where (σ) denotes the current of integration over the divisor of σ. 
Analytic Zariski decompositions
In this subsection we shall introduce the notion of analytic Zariski decompositions. By using analytic Zariski decompositions, we can handle big line bundles like nef and big line bundles. 
is an isomorphim.
Remark 3.5 If an AZD exists on a line bundle L on a smooth projective variety
M , L is pseudoeffective by the condition 1 above.
Existence of Kähler-Einstein current
In this subsection, we shall review the existence of a Kähler-Einstein current on a smooth projective variety of general type. Allowing singularities, there are infinitely many choice of Kähler-Einstein metrics. But we focus on the metrics with minimal singularities.
Theorem 3.6 Let X be a smooth projectie n-fold of general type. Then there exists a closed positive current ω E on X such that
ω E is a Kähler-Einstein metric on U with
ω E = −Ric ωE on U .
The singular hermitian metric (ω
Definition 3.7 Let X be a smooth projectie n-fold of general type and let ω E be the closed positive current on X as in Theorem 3.6. We call ω E the maximal Kähler-Einstein current on X.
Remark 3.8 Later we will see that the maximal Kähler-Einstein current is unique.
Proof of Theorem 3.6. The proof is more or less parallel to that of [S, Theorem 5.6, p.430 We may assume that there exists an effective Q-divisor E m on X m such that
Then by [S, Theorem 5.6 ], there exists a closed positive current ω m on X m such that
2. The absolutely continuous part of ω m represents 2π(m!)
Let us consider {ω exists on X − V . Now we shall consider the uniform C 2 -estimate on every compact subset of X − V . Let F be an effective Q-divisor on X such that
The existence of such a divisor F follows from the proof of Kodaira's lemma. Let H be a smooth very ample divisor on X. Considering the exact sequence
for ℓ >> 1, we may find an effective member
By this argument we see that ∩ F Supp F = V holds, where F runs all such F 's. Let
is a Kähler form on X. We note that π *
hold. We note that u m is identically +∞ on F by the choice of F . Hence there exists a point p 0 ∈ X − F , where u m takes its minimum. Then
holds. This implies that
holds. Hence we see that
holds for every x ∈ X − V . Similarly if u m + i 2a i log σ i takes its maximum at a point p 
holds on X.
By the above consideration we have the following lemma.
Lemma 3.9 There exists a positive constant C 0 independent of m such that
Lemma 3.10 ( [T0, p. 127, Lemma 2.2] )) We set
Let C be a positive number such that
holds on X, where R iīℓl denotes the bisectional curvature. Then
holds, where ∆ F denotes the Laplacian with respect to ω F (i.e., ∆ F = trace ωF √ −1∂∂) and ∆ m denotes the Laplacian with repsect to ω m . Let x 0 be the where e −Cum (n + ∆u m ) takes its maximum. Then
By Lemma 3.9, there exists a positive constant C 3 such that
Applying the general theory of fully nonlinear elliptic equations ( [Tr] ), moving F , we get a uniform higher order estimate of u m on every compact subset of X − V . Letting m tend to infinity, this completes the proof of Theorem 3.6.
A generalization of Theorem 1.2
Let X be a smooth projective n-fold of general type whose canonical bundle is not necessarily ample.
In this case we may also define the dynamical system of Bergman kernels as in the case that X has ample canonical bundle. In fact the construction of the dynamical system of Bergman kernel is parallel except the following differences.
1. The starting line bundle is not a multiple of K X , but a sufficiently ample line bundle.
2. The hermitian metrics {h m } are singular.
Let us explain in detail. Let A be a very ample line bundle on X such that for
The existence of such A follows from Nadel's vanishing theorem ([N, p.561] ). Let h 0 be a C ∞ -hermitian metric on A with strictly positive curvature. Let {σ
N1 } be a complete orthonormal basis of H 0 (X, O X (A + K X )) with respect to the inner product
where we have considered σ and τ as A-valued (n, 0) forms. We set
It is clear that K 1 is independent of the choice of the orthonormal basis {σ
N1 }. Suppose that h m is defined for some m ≧ m 0 + 1. Then we define h m+1 as follows. Let {σ
Nm+1 } be the complete orthonormal basis of H 0 (X, O X (A + (m + 1)K X )) with respect to the inner product
Then we define
Theorem 3.11 Let X be a smooth projective n-fold with ample canonical bundle. Let A and {h m } m≧1 be as above. Then
is a hermitian metric on K X such that
The proof of Theorem 3.11 is essentially the same as the one of Theorem 1.2. In fact the lower estimate can be obtained just as in the proof of Lemma 2.1.
Lemma 3.12
For the upper estimate, we set
Then by the same manner as the proof of Lemma 2.3, we obtain the following lemma.
Lemma 3.13
holds. 
holds. Then by the construction of ω E (cf. Section 3.3), we see that
holds. Hence combining Lemma 3.12 and Lemma 3.13, we obtain that
holds. This completes the proof of Theorem 3.11. Remark 4.4 The existence of the extension of the current √ −1∂∂ log h E (σ, σ) follows from the thickening of the family as in [T5] . In fact the thinckened family has smooth fibers everywhere. Hence it is very easy.
Using Theorems 4.2,4.3, we prove Theorems 1.4,1.5
Proof of Theorems 1.4,1.5. Let A be a sufficiently ample line bundle on X and let h 0 be a C ∞ hermitian metric with strictly positive curvature. Then for every s ∈ S
• , we define the dynamical system of the Bergman kernels {K m,s } on the fiber X s := f −1 (s) as in Section 3.4. Then we see that the hermitian metric h m | X s = 1/K m,s on A + mK X/S | X • has semipositive curvature by Theorem 4.2. And it extends to a singular hermitian metric on A + mK X/S with semipositive curvature as in Theorem 4.2. Then by Theorem 3.11, we see that h E is a singular hermitian metric on K X/S with semipositive curvature current. This completes the proof of Theorem 1.4. Then by Theorem 4.3, we complete the proof of Theorem 1.5. 
